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1.6.1 Geometry of Complex Numbers V4

Your notes
Geometry of Complex Addition & Subtraction

What does addition look like on an Argand diagram?

= |nCartesianformtwo complex numbers are added by adding the real and imaginary parts
= When plotted on an Argand diagram the complex number z; + z, is the longer diagonal of the
parallelogram with vertices at the origin, z;, zyand z; + z,

Im /N

THE COMPLEX NUMBER
10 z+w |S REPRESENTED ON
AN ARGAND DIAGRAM AS
THE DIAGONAL OF THE
PARALLELOGRAM WITH

2l = 7 b T VERTICES O,z,w AND z +w
Z
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w
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0 5 10 15  Fe

What does subtraction look like on an Argand diagram?

= |n Cartesian form the difference of two complex numbers is found by subtracting the real and
imaginary parts

= When plotted on an Argand diagram the complex number z; - z, is the shorter diagonal of the
parallelogram with vertices at the origin, z;, -zz and z; - z»
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THE COMPLEX NUMBER

z — w IS REPRESENTED ON
AN ARGAND DIAGRAM AS
THE DIAGONAL OF THE
PARALLELOGRAM WITH
VERTICES z,-w AND z - w

z
BT 5 P
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>
—w

REMEMBER TO PLOT THE POINT —w BEFORE DRAWING THE PARALLELOGRAM

What are the geometrical representations of complex addition and subtraction?

= Letwbe agivencomplex numberwith real part a and imaginary partb
= w=a+ bi

= Letzbeany complexnumberrepresented onanArgand diagram

= Addingwtozresultsinzbeing:

a
= Translated by vector (b)

= Subtracting w fromzresultsinzbeing:

= Translated by vector (_3 \

Nl
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(o) Examiner Tip
= Take extra care whenrepresenting a subtraction of a complex number geometrically

= Rememberthat your answer will be a translation of the shorter diagonal of the parallelogram
made up by the two complex numbers

@ Worked example
Considerthe complexnumbersz;=2 + 3iandzy =3 - 2i.

OnanArgand diagram represent the complex numbers z;, z2, z; + z2and z; - z5.

ficst £ind 2,422 and B -Z; ¢

Z, + 22 = (2+3) +(3-2i)

=5+
Z, -2, = (2+3) -(3-2i) =-1+5
lm
)
Zi~22=-1+5:i
.
_le‘»
=

TThe aeome.%r'\c‘_o& Properkies Con \oe_
Seen 'Iot:) o\dd'mj nw -2, =-3+72
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Geometry of Complex Multiplication & Division
What do multiplication and division look like on an Argand diagram?

= The geometrical effect of multiplying a complex number by areal number, a, will be an enlargement of
the vectorby scale factora
= Forpositive values of a the direction of the vector will not change but the distance of the point
from the origin willincrease by scale factora
= Fornegative values of a the direction of the vector will change and the distance of the point from
the originwillincrease by scale factora
= The geometrical effect of dividing a complex number by areal number, a, will be an enlargement of the
vector by scale factor1/a
= Forpositive values of a the direction of the vector will not change but the distance of the point
from the origin willincrease by scale factor1/a
= Fornegative values of a the direction of the vector will change and the distance of the point from
the originwillincrease by scale factor1/a
= The geometrical effect of multiplying a complex number by i will be arotation of the vector 90°
counter-clockwise
B (x+yi)=-y+xi
= The geometrical effect of multiplying a complex number by animaginary number, ai, will be arotation
90° counter-clockwise and an enlargement by scale factora
= ai(x +yi) = -ay + axi
= The geometrical effect of multiplying or dividing a complex number by a complex number willbe an
enlargement and arotation
= Thedirection of the vector will change
= The angle of rotationis the argument
= The distance of the point from the origin will change
= The scale factoris the modulus

What does complex conjugation look like on an Argand diagram?

= The geometrical effect of plotting a complex conjugate on an Argand diagram s areflectionin the real
axis
= Thereal part of the complex number will stay the same and the imaginary part will change sign
(o) Examiner Tip

= Make sure youremember the transformations that different operations have on complex
numbers, this could help you check your calculations in an exam
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@ Worked example ,

Your notes
Considerthe complexnumberz=2-i.

OnanArgand diagram represent the complexnumbers z, 3z, iz, z* and zz*.

Ficst £ind 32, 12 and ="

2 =2~

3z =3(2-1)= 6-%

iz =1 (2-1) = 2i-i% = 2i-(-)) = | +2
z¥ = 2+

zz* = (2-)(24) =4-* = 4-(-) =5
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1.6.2 Forms of Complex Numbers ,

Your notes

Modulus-Argument (Polar) Form

How do | write a complex number in modulus-argument (polar) form?

The Cartesian form of acomplexnumber, Z= X + iy, iswrittenin terms of itsreal part, X, and its

imaginary part, Y
Ifwelet = | Z| and 0= arg z,thenitis possible to write a complex numberin terms of its modulus, I

,andits argument, 0, called the modulus-argument (polar) form, given by...

« z=1r{cos 0+ isin )

= Thisisoftenwrittenasz=rcis@

= Thisis giveninthe formula book under Modulus-argument (polar) form and exponential (Euler) form
Itis usual to give argumentsintherange =TT < 0 < Tor0 < 0 < 2T

= Negative arguments should be shown clearly

_ e,g.z=2(cos (_?”)Hsm (—?”)) = 2 cis (—%)

T ) 1
= without simplifying COS(— ?) to either COS ? orE

The complex conjugate of rcis@isrcis(-6)
If acomplexnumberis giveninthe form Z= I(COS 0 — isin 9) thenitis notin modulus-argument
(polar) form due to the minus sign

= |tcanbe converted by considering transformations of trigonometric functions

» —sinf = sin(—0) and cosh = cos(— 0)

« so z=r{cosf—isinh) = z= r{cos(—0) +isin(—0)) = rcis(—0)
To convert from modulus-argument (polar) form back to Cartesian form, evaluate the real and
imaginary parts

1 3
. E.g.Z=2(COS(—?ﬂ)+isin(—ﬂ)) becomes z=2| — +1 —£ =1 —ﬁi

3 2 2

How do I multiply complex numbers in modulus-argument (polar) form?

The main benefit of writing complex numbers in modulus-argument (polar) formis that they multiply
and divide very easily

To multiply two complex numbers in modulus-argument (polar) form we multiply their moduli and add
their arguments

2,5,|= 2|z,

arg (Z1 Zz) =arg z targ z,

Soifzy=r;cis(6y)andzy =ro cis (82)
" Z1Zo=II2 cis (91 + 92)
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= Sometimes the new argument, 91 + Qz,doesnotlieintherange—7'[ <0 < 1mor

0 < 0 < 271 ifthisis being used)

= Anout-of-range argument can be adjusted by either adding or subtracting 2 TT

27 T 7T
. E.g.lf(91=Tand92=? then 91 +92 = ?
» Thisiscurrentlynotintherange— T < @ < T
m ST
= Subtracting 2T from ? togive — ? ,anew argumentis formed

= Thisliesinthe correctrange andrepresents the same angle on an Argand diagram
= Therules of multiplying the moduli and adding the arguments can also be applied when...

= _.multiplying three complex numbers together, Z1 2223 ,ormore

= . finding powers of acomplex number(e.g. Z? canbe written as ZZ)

= Therules formultiplication can be proved algebraically by multiplying z; = r; cis (61) by z2 = r2 cis (82),

expanding the brackets and using compound angle formulae
How do | divide complex numbers in modulus-argument (polar) form?

= Todivide two complex numbersin modulus-argument (polar) form, we divide their moduliand
subtract their arguments

Izl B |Z1|
| %3 |z,
Zl
- arg| - |Sargz —arg z,
2
n Soifz;=rcis(B;)andzy=rycis(62) then
Z n (0,-0)
= — =—CIS -
1 2
Z, L

= Sometimes the new argument, 91 - 92,canlieoutofthe range— T < 0 < TT (ortherange

0 < 0 < 2 mifthisisbeingused)
= Youcanadd or subtract 2 TT to bring out-of-range arguments back inrange
= Therules fordivision can be proved algebraically by dividing z; = r; cis (61) by z» = ro cis (82) using
complex division and the compound angle formulae
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O Examiner Tip /

i Your notes
= Rememberthatrcis8onlyrefersto r(COS 0 +isin 0)

= |fyouseeacomplexnumberwritteninthe formz = r(COS 6 —isin 0) thenyou willneed to
convertittothe correct form first
= Make sure you are confident with basic trig identities to help you do this
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@ Worked example

C3m B m\ .. (m
LetZ, =4./2 cis T4 @ndzy= J8 (cos(j)— 1sm(7))

a) Find z,z, giving your answer in the form I(COS0 + isinH) where0<0<2m

2= 47 cs(3F) , 2. = Bleos(-F) +isin(-}) = 2JZcis(-3)
Foc 2,2,, Multiply the madull and odd HBre arguments
(w17 cis(CR)(2Z eis(-3)

(+J2)(212) cis (3E+(-%)

Ibeis (&)

Z. 22

]

2,2, = ‘E(COS% + isin-%-)

b)
%

Find Z_ , giving your answer in the form 1(0089 + isin@) where—TI<O< 1T
2

Z, o~
Foc = divide the modull ond sulskrack the arguments

]

. /3T _
i I vz cis(F) | ‘l'_ﬁc;s(?’ql-(-%))

22 2Z cis(-%) 2z

- 2¢is(3E) s natia e

range - <0< T
i 57
e Zeis (T-ZK-) So Subtrackt 27

ko \af'\n.s ik wko ronge

— = Z(Cc:s (%) + isin('—aT—L—))

4
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Exponential (Euler's) Form

How do we write a complex number in Euler's (exponential) form?

= Acomplexnumbercanbe writtenin Euler'sformas Z= rei?

= Thisrelates to the modulus-argument (polar)formas Z = rei9 =rcis 0
= Thisshowsaclearlink between exponential functions and trigonometric functions
= Thisis givenin the formula booklet under 'Modulus-argument (polar) form and exponential (Euler)
form'
= The argumentis normally givenintherange O <6 < 2mn
= Howeverin exponential form other arguments can be used and the same convention of adding or
subtracting 2t can be applied

How do we multiply and divide complex numbers in Euler's form?
= Euler'sform allows for quick and easy multiplication and division of complex numbers
i0, 16,

€ 'and 22 =r.€ “then

2
i(6,+6,)

. IfZl—I‘1

n X =
Z1 Z2 1'11’26
= Multiply the moduliand add the arguments

zZ r .
20 om0
Z

2 1‘2

= Divide the moduliand subtract the arguments
= Using these rules makes multiplying and dividing more than two complex numbers much easier thanin
Cartesian form
= Whenacomplexnumberis writtenin Euler's formitis easy to raise that complex number to a power

o If z= reif, 22 = 2210 ang 27 = rreni?

What are some common numbers in exponential form?

= AsCOS (2 T[) =1 andsin (2 T[) = (0 you canwrite:
| =e2mi
= Using the sameideayou can write:
w | =e0=e2Mi=dmi=bmi= g2kmi
= wherekisanyinteger
= As COS( 7T) = —1and sin( 7T) = (0 you can write:
= efli= -]
= Ormore commonly written as eif+1=0

= Thisisknown as Euler'sidentity and is considered by some mathematicians as the most
beautiful equation
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T . T
= Ascos| — |=0andsin| — |=1 youcanwrite:

271 2 Your notes

-1
s i=e?2

O Examiner Tip

= Euler'sform allows for easy manipulation of complex numbers, in an examitis often worth the time
converting acomplex numberinto Euler's form if further calculations need to be carried out
= Familiarise yourself with which calculations are easier in which form, for example multiplication
and division are easiestin Euler's form but adding and subtracting are easiestin Cartesian
form

@ Worked example

.
LI .
Consider the complexnumber Z = 2e 3  Calculate Z2 giving your answerin the form reif,

. . B =V, & 2(%i)
z =<Ze.3) =(2&3 X2e7> =bde

muU:'spi thhe fﬂod\ul_t;
odd the arguments
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Conversion of Forms

Converting from Cartesian form to modulus-argument (polar) form or exponential (Euler's)
form

= To convert from Cartesian form to modulus-argument (polar) form or exponential (Euler) formuse

c ==Xy

= and
» O=argz

Converting from modulus-argument (polar) form or exponential (Euler's) form to Cartesian
form

= To convert from modulus-argument (polar) form to Cartesian form
= Youmay need to use your knowledge of trig exact values
= a=rcosBandb=rsind
= Writez=r(cosO +isin®)asz=rcos0 +(rsinB )i
= Find the values of the trigonometric ratios rsin@ and rcos@
= Rewriteasz=a+biwhere
= To convert from exponential (Euler’s) form to Cartesian form first rewrite z=re® inthe formz=rcos8 + (r
sinB)i and then follow the steps above

Converting between complex number forms using your GDC

= Your GDC may also be able to convert complex numbers between the various forms
= Tlcalculators, forexample, have 'Convert to Polar' and 'Convert to Rectangular' (i.e. Cartesian) as
optionsinthe 'Complex Number Tools' menu
= Make sure you are familiar with your GDC and what it can (and cannot) do with complex numbers

©O Examiner Tip

= When converting from Cartesian forminto Polar or Euler's form, always leave your modulus and
argument as an exact value
= Roundingvalues too early may resultininaccuracies lateron
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@ Worked example ,

Your notes
27 |

-1

Two complex numbers are given by Z1 =2+2iand Z2 =3¢ 3

a) Write Z1 in the form rei?.

xomLed
Find the modulus: 2] = J2*+2* = J§ =202
Drow a sketeh to help find the arsumgnt:

Im
0\
z : 2+2i e =+an_‘(%) =-}-cm-‘(l)
i T
T4
e ; > Re
2
&—

T .
"'";'I
Zl = 2\‘_2—.6

b) Write Z2 inthe form 1(0089 + isin@) and then convert it to Cartesian form.

77
-1 2.1 " .
. S (C_os—?; + 13in -'1—3-”“

_3(-y i ()

Z,= 5(-1 +3i)

Zo = 3¢
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1.6.3 Applications of Complex Numbers

Frequency & Phase of Trig Functions
How are complex numbers and trig functions related?

= Asinusoidal functionis of the form a sin(bx + c¢)
= arepresents the amplitude
= brepresents the period (also known as frequency)
= crepresents the phase shift
= The function may be written a sin(bx + bc) = a sinb(x + ¢) where the phase shiftisrepresented
by bc
= Thiswillbe made clearinthe exam
= Whenwrittenin modulus-argument form the imaginary part of a complex numberrelates only to the
sin part and the real part relates to the cos part
= This means that the complexnumber can be rewrittenin Euler's form and relates to the sinusoidal
functions as follows:
= asin(bx+c)=Im(aeibx+c)
s acos(bx+c)=Re (aeibx+c))
= Complexnumbers are particularly useful when working with electrical currents orvoltages as these
follow sinusoidal wave patterns
= ACvoltages may be giveninthe formV =asin(bt+c)orV =acos(bt +c)

How are complex numbers used to add two sinusoidal functions?

= Complexnumbers can help to add two sinusoidal functions if they have the same frequency but
different amplitudes and phase shifts
= e.g.2sin(3x +1)canbe added to 3sin(3x - 5) but not 2sin(5x + 1)
= Toaddasin(bx + c)to dsin(bx + e)
m oracos(bx+c)todcos(bx+e)
= STEP1: Consider the complex numbers z; = ae®**%) and z, = del®*+®
= Thenasin(bx+c)+dsin(bx+e)=Im(z;+zy)
» Oracos(bx+c)+dcos(bx+e)=Re(z;+2z2)
» STEP 2: Factorise z)+2, = ae/®*¢) 4 delX+€) = gioX (361 4 de®)
= STEP 3: Convert ae® + de® into a single complex number in exponential form
= Youmay need to convertitinto Cartesian form first, simplify and then convert backinto
exponential form
= Your GDC willbe able to do this quickly
= STEP 4: Simplify the whole term and use the rules of indices to collect the powers
= STEP 5: Convertinto polar form and take...
= only theimaginary part for sin
= oronly thereal partforcos
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O Examiner Tip

= Anexam questioninvolving applications of complex numbers will often be made up of various
parts which build on each other
= Remembertolook back at youranswers from previous question parts to see if they can help
you, especially when looking to convert from Euler's form to a sinusoidal graph form

0 Worked example
Two AC voltage sources are connected in a circuit. If V1 =20sin(307)and V2 = 30sin(30t + 5)

find an expression for the total voltage in the form V' = Asin(30¢+ B).

20sin(30t) + 30sin(30t+5)
A s

Frwies ore thwe
Same So they can be odded

i (30%) ke (30t +5)

STep1: Let 2, = 20e and. 2, =30

]n po\qr form the imn.g‘.mrﬁ parts owe the
sinusoidol funckbions we wank o odd.

STEP 2: Find 2, + 2,

i (30%) (30t +5)
E"" 11_ = 20& + 30& g""_" 2 -!LSLCOSLS]" " sin(ﬁ))
= 10398 (2 + B ) = 2.850..- 2.8%6.. 1

STEP 3: Use GOC to find 24 3e* in Eules’s form

s [0t [ W05 &7

STep 4: Use index laws %o Simplify.

i (2ot - 0.784...
= 40Se (e )

STEP S: Convert to Polar form
= QO,SLcos [Bot—o_wsq...) +1 Sin('sot.—o.wsq.,.))

The imas‘mar3 part is the Solukion

V = 40.5 sin(30t - 0390)
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